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We ﬁrst establish the local well-posedness for the nonuniform weakly dissipative b-
equation which includes both the weakly dissipative Camassa–Holm equation and the
weakly dissipative Degasperis–Procesi equation as its special cases. We then study
the blow-up phenomena and the long time behavior of the solutions. Two blow-up results
are established for certain initial proﬁles. Moreover, two suﬃcient conditions for the decay
of the solutions are presented.
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1. Introduction
Recently, J. Escher and Z. Yin [22] studied the following nonlinear dispersive equation:{
ut − α2utxx + c0ux + (b + 1)uux + βuxxx = α2(buxuxx + uuxxx), t > 0, x ∈R,
u(0, x) = u0(x), x ∈R,
(1.1)
where c0, b, β , α are arbitrary real constants. Denoting y := u − α2uxx , we can rewrite Eq. (1.1) in the following form:{
yt + c0ux + uyx + bux y + βuxxx = 0, t > 0, x ∈R,
y(0, x) = u0(x) − u0,xx(x), x ∈R. (1.2)
Eq. (1.1) for any b = −1 is included in the family of shallow water equations at quadratic order accuracy that are asymp-
totically equivalent under Kodama transformations, see [18,19]. In [26], the authors studied the solutions of the b-equation
(1.2) with c0 = β = 0 numerically. The b-equation with c0 = β = 0 admits peakon solutions for b ∈ R, see [14,26]. The KdV
equation (α = 0, b = 2, c0 = β = 0), the Camassa–Holm equation (α = 1, b = 2, c0 = β = 0) and the Degasperis–Procesi
equation (α = 1, b = 3, c0 = β = 0) are the only three integrable equations in the b-equation, which was shown in [14,15]
by using Painlevé analysis.
Due to the particular properties of the above three equations, many authors have devoted their extensive studies to them.
The KdV equation models the unidirectional propagation of waves at the free surface of shallow water under the inﬂuence
of gravity. And it is completely integrable and its solitary waves are solitons. The local and global well-posedness of Cauchy
problem of the KdV equation have been studied. Its solutions exist globally for all u0(x) ∈ L2(R). For these properties of the
KdV equation, we refer the readers to [1,2,16,29].
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u(x, t) represents the ﬂuid velocity at time t 0 in the spatial x direction and c0 being a nonnegative parameter related
to the critical shallow water speed [3,4,17,27]. The Camassa–Holm equation is also a model for the propagation of axially
symmetric waves in hyperelastic rods [11,12] and is a re-expression of geodesic ﬂow on the differmorphism group [10]
or on the Bott–Virasoro group [34]. It has a bi-Hamiltonian structure [23,30] and is completely integrable [3]. The Cauchy
problem of the Camassa–Holm equation has been the subject of a number of studies. It has been shown that this equation
is locally well-posed [8,31,36,46] for initial data u0 ∈ Hs(R) with s > 32 . Moreover, it has global solutions [6,8,9,46] and also
solutions which blow up in ﬁnite time [6–9,31,36,46,48]. Furthermore, it has global weak solutions [43,44].
The Degasperis–Procesi equation can be regarded as a model for nonlinear shallow water dynamics and its asymp-
totic accuracy is the same as for the Camassa–Holm equation [18,19]. It is formally integrable and has a bi-Hamiltonian
structure [13]. The Cauchy problem of the Degasperis–Procesi equation has also been studied. Local well-posedness of this
equation is established in [5,45] for initial data u0 ∈ Hs(R), s > 32 . Similar to the Camassa–Holm equation, the Degasperis–
Procesi equation has also global strong solutions [20,21,32,47] and ﬁnite time blow-up solutions [20,21,32]. Although the
Degasperis–Procesi equation is similar to the Camassa–Holm equation in several aspects, these two equations are truly
different, see [22,32,41] and references therein for details.
Recently, some authors devoted to study the Cauchy problem of the b-equation. The local well-posedness of the b-
equation was obtain by Escher and Yin in [22] and Gui, Liu and Tian in [25], respectively, on the line and Zhang and Yin
in [49] on the circle. It also has global solutions [22,25,49] and solutions which blow-up in ﬁnite time [22,25,49]. The
uniqueness and existence of global weak solution to the equation provided the initial data satisﬁes certain sign conditions
were obtained in [22,49]. Since the conservation laws of the b-equation are much weaker, there are only a few kinds of
global or blow-up results.
As the energy dissipation mechanisms are inevitable in a real world, many authors modiﬁed those models with dissi-
pation. In [35], Ott and Sudan studied the KdV equation with the presence of dissipation and their effect on the solitary
solution of the KdV equation. In [24], Ghidaglia investigated the long time behavior of solutions to the weakly dissipative
KdV equation. Recently, Wu and Yin considered the weakly dissipative Camassa–Holm equation
ut − utxx + 3uux = 2uxuxx + uuxxx − λ(u − uxx),
on the line [39,42] and on the circle [38] and the weakly dissipative Degasperis–Procesi equation
ut − utxx + 4uux = 3uxuxx + uuxxx − λ(u − uxx),
on the line in [41,37] and on the circle [40], where λ is a positive constant.
It is proved that the short time behaviors, such as the local well-posedness and the blow-up phenomena, of the solutions
to the Camassa–Holm equation and the Degasperis–Procesi equation are similar to those with weak dissipation respectively.
However, they found that the long time behaviors of the equations are considerably different when they are weakly dis-
sipated. They proved that global solutions of the Camassa–Holm equation or the Degasperis–Procesi equation with weakly
dissipative term decay to zero as time goes to inﬁnity provided the potential y0 = (1− ∂2x )u0 is of one sign. This long time
behavior is an important feature that the Camassa–Holm equation or the Degasperis–Procesi equation does not possess. On
the other hand, it is well known that the Camassa–Holm equation or the Degasperis–Procesi equation has peaked traveling
wave solutions. But those equations with weakly dissipative term do not have traveling wave solutions.
Despite the abundant literature listed above, it seems that the nonuniform weakly dissipative b-equation has not been
considered yet. Here, “nonuniform” means that the parameter λ is time dependent. The aim of this paper is to ﬁll this gap.
In this paper, we consider the following nonuniform weakly dissipative b-equation
{
ut − α2utxx + c0ux + (b + 1)uux + βuxxx = α2(buxuxx + uuxxx) − λ(t)
(
u − α2uxx
)
, t > 0, x ∈R,
u(0, x) = u0(x), x ∈R,
(1.3)
where λ(t) > 0 is continuous and α = 0.
Similarly, we can rewrite Eq. (1.3) as follows⎧⎪⎪⎪⎨
⎪⎪⎪⎩
yt +
(
u − β
α2
)
yx + bux y +
(
c0 + β
α2
)
ux + λ(t)y = 0, t > 0, x ∈R,
y = u − α2uxx, x ∈R,
u(0, x) = u0(x), x ∈R.
(1.4)
We will investigate several problems of Eq. (1.3), such as the local well-posedness, blow-up phenomena and the long time
behaviors of global solutions. These results can help us to see the difference or similarity between Eq. (1.3) and b-equation
(1.1) and also to better understand the common properties of the weakly dissipative Camassa–Holm equation and the weakly
dissipative Degasperis–Procesi equation. We found that the solutions may still blow up, even λ(t) → ∞ as t → ∞. Moreover,
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∫ t
0 λ(s)ds > M, where
M max
{ |2− b|
2α2
‖u0‖L1(R),
K
2α2
‖u0‖L1(R)
}
, K max
{
|2b + 1|,
∣∣∣∣1− 2b + bα2
∣∣∣∣
}
.
See Theorems 4.1–4.2 below. All results obtained here cover the case λ(t) = λ0 > 0 as its special case.
The remainder of the paper is organized as follows. In Section 2, we prove the local well-posedness of the initial-value
problem associated with Eq. (1.3) and present the precise blow-up scenario. Section 3 gives two blow-up results of strong
solutions to Eq. (1.3) with certain initial data. We prove the existence of global strong solutions and these global solutions
decay to zero as time goes to inﬁnity provided the potentials associated with their initial data are of one sign in Section 4.
2. Local well-posedness and blow-up scenario
In this section, we ﬁrst establish the local well-posedness of Eq. (1.3) by using Kato’s theory. Then we present the precise
blow-up scenario for solutions to Eq. (1.3).
Set P (x) := 12α e−|
x
α | , x ∈R, then (1−α2∂2x )−1 f = P ∗ f for all f ∈ L2(R) and P ∗ y = u. Therefore, we can rewrite Eq. (1.3)
as follows⎧⎨
⎩ut +
(
u − β
α2
)
ux = −∂x P ∗
(
b
2
u2 + (3− b)α
2
2
u2x +
(
c0 + β
α2
)
u
)
− λ(t)u, t > 0, x ∈R,
u(0, x) = u0(x), x ∈R,
(2.1)
or the equivalent form:⎧⎨
⎩ut +
(
u − β
α2
)
ux = −∂x
(
1− α2∂2x
)−1(b
2
u2 + (3− b)α
2
2
u2x +
(
c0 + β
α2
)
u
)
− λ(t)u, t > 0, x ∈R,
u(0, x) = u0(x), x ∈R.
(2.2)
Theorem 2.1. Let u0 ∈ Hs(R), s > 32 , there exist a maximum T > 0, and a unique solution u to Eq. (1.3) which depends continuously
on initial data u0 such that
u = u(·,u0) ∈ C
([0, T ); Hs(R))∩ C1([0, T ); Hs−1(R)).
Moreover, T is independent of s in the sense that if u0 ∈ Hs′ for some s′ = s, s′ > 32 , then for the same T ,
u ∈ C([0, T ); Hs′(R))∩ C1([0, T ); Hs′−1(R)).
Proof. Set A(u) = (u− βα2 )∂x , f (u) = −∂x(1− ∂2x )−1( b2u2 +
(3−b)α2
2 u
2
x + (c0 + βα2 )u)−λ(t)u, Y = Hs(R), X = Hs−1(R), s > 32 ,
and Λ = (1− ∂2x )
1
2 . Note that for any T ′ > 0, λ(t) is bounded on [0, T ′]. Similar to the proof of Theorem 2.1 in [22], we can
prove Theorem 2.1 by applying Kato’s theorem, and interested readers can refer [22,45,46] for details. We omit it here. 
Remark 2.1.
(1) Theorem 2.1 covers the recent local well-posedness results for the weakly dissipative Camassa–Holm equation [39] and
the weakly dissipative Degasperis–Procesi equation [41].
(2) The maximum value of T in Theorem 2.1 is called the lifespan of the solution. In general, if T < ∞ in the sense that
limt→T ‖u(·, t)‖Hs = ∞, we say that the solution blows up in ﬁnite time.
(3) We can only discuss the following results for the case s = 3 because of using Theorem 2.1 and a simple density argu-
ment.
Next, we recall two useful lemmas. And in the following ‖u‖s and (·,·)s denote the norm and inner product of Hs
respectively.
Lemma 2.1. (See [28].) If s > 0,then Hs(R) ∩ L∞(R) is an algebra. Moreover
‖ f g‖s  c
(‖ f ‖L∞(R)‖g‖s + ‖ f ‖s‖g‖L∞(R)),
where c is a constant dependent only on s.
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where c is a constant depending only on s.
Theorem 2.2. Given u0 ∈ Hs(R), s > 32 . Assume that α > 0 and T is the lifespan of the corresponding solution with initial data u0 . If
there exists M > 0 such that ‖ux(t, x)‖L∞(R)  M, t ∈ [0, T ), then the Hs(R)-norm of u(t, ·) does not blow up on [0, T ).
Proof. Let T be the lifespan of the solution u with initial data u0. Applying the operator Λs to Eq. (2.2), multiplying by Λsu
and integrating over R, we have
d
dt
‖u‖2s = −2(uux,u)s +
2β
α2
(ux,u)s + 2
(
u, f (u)
)
s + 2
(
u, g(u)
)
s − 2λ(t)(u,u)s, (2.3)
here
f (u) = −∂x
(
1− α2∂2x
)−1(b
2
u2
)
= −b(1− α2∂2x )−1(uux)
and
g(u) = −∂x
(
1− α2∂2x
)−1( (3− b)α2
2
u2x +
(
c0 + β
α2
)
u
)
.
Similar to [22], using Lemmas 2.1 and 2.2, we get∣∣(uux,u)s∣∣ C‖ux‖L∞(R)‖u‖2s ,∣∣( f (u),u)s∣∣ C‖ux‖L∞(R)‖u‖2s ,∣∣(g(u),u)s∣∣ C(‖ux‖L∞(R) + 1)‖u‖2s ,
here C may denote different positive constants. Combining the above inequalities with (2.3), we obtain
d
dt
‖u‖2s 
(
CM − λ(t))‖u‖2s .
From Gronwall’s inequality, we deduce that
‖u‖2s  exp
(
CMt −
t∫
0
λ(s)ds
)
‖u0‖2s .
This completes the proof. 
Using the theorem above, we give the precise blow-up scenario for Eq. (1.3).
Theorem 2.3. Assume that u0 ∈ Hs(R), s > 32 and α > 0. If b = 12 , then every solution will exists globally in time. If b > 12 , then the
solution blows up if and only if the slope of the solution becomes unbounded from below in ﬁnite time. If b < 12 , the solution blows up
in ﬁnite time if and only if the slope of the solution becomes unbounded from above in ﬁnite time.
Proof. Let T > 0 be the lifespan of u to Eq. (1.3) with initial data u0 ∈ H3(R). If the slope of the solution becomes un-
bounded from below or above in ﬁnite time, from Theorem 2.1 and Sobolev imbedding theorems, we can see that the
solution blows up in ﬁnite time.
On the other hand, multiplying Eq. (1.4) by y = u − α2uxx , and integrating by parts, in view of
∫
R
yux dx = 0 and∫
R
yyx dx = 0, we obtain
d
dt
∫
R
y2 dx = −2b
∫
R
y2ux dx− 2
∫
R
uyyx dx− 2λ(t)
∫
R
y2 dx
= (1− 2b)
∫
R
y2ux dx− 2λ(t)
∫
R
y2 dx. (2.4)
If b = 1 , we have2
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∥∥u(t, ·)∥∥2  C(α)‖y‖L2(R) = C(α)exp
(
−
t∫
0
λ(s)ds
)
‖y0‖L2(R) < ∞, (2.5)
here, we used the relations
C1(α)
∥∥y(t, ·)∥∥L2(R)  ∥∥u(t, ·)∥∥2  C2(α)∥∥y(t, ·)∥∥L2(R).
From Theorem 2.2, we know every solution exists globally in time.
For the case that b > 12 and the slope of the solution is bounded from below, or the case that b <
1
2 and the slope of the
solution is bounded from above, we can deduce that there exists M > 0 such that
d
dt
∫
R
y2 dx
(
M − 2λ(t))∫
R
y2 dx.
We obtain from Gronwall’s inequality
∥∥y(t, ·)∥∥L2(R)  exp
(
Mt −
t∫
0
λ(s)ds
)
‖y0‖L2(R). (2.6)
In view of (2.6) and Theorem 2.2, we know that the solution will not blow up in ﬁnite time. The proof is completed. 
Remark 2.2. Theorem 2.3 not only covers the corresponding results for the weakly dissipative Camassa–Holm equation in
[39] and the weakly dissipative Degasperis–Procesi equation in [41], but also presents another different possible blow-up
mechanism, i.e., if b < 1/2, then the solution to the weakly dissipative b-equation (1.3) blows up in ﬁnite time if and only
if the slope of the solution becomes unbounded from above in ﬁnite time.
3. Blow-up
In this section, we will provide two blow-up results for Eq. (2.1), from which we can see the effect of nonuniform weak
dissipation to the blow-up phenomena of the solution.
Motivated by [33], we consider similar particle trajectory as⎧⎨
⎩
d
dt
q(t, x) = u(t,q(t, x))− β
α2
, t ∈ [0, T ),
q(0, x) = x, x ∈R.
(3.1)
Lemma 3.1. Given u0 ∈ Hs(R), s  3, let T > 0 be the lifespan of the corresponding solution to Eq. (1.3). Then Eq. (3.1) has a unique
solution q ∈ C1([0, T ) ×R,R), and the map q(t, ·) is an increasing differmorphism of R with
qx(t, x) = exp
( t∫
0
ux
(
s,q(s, x)
)
ds
)
> 0,
for (t, x) ∈ [0, T ) ×R.
The proof is similar to that of Lemma 4.1 in [22] and Lemma 3.2 in [25]. We omit the details.
Lemma 3.2. Given u0 ∈ Hs(R), s > 32 , let T > 0 be the lifespan of the corresponding solution to Eq. (1.3). If c0 + βα2 = 0, then for any
b ∈R we have
y
(
t,q(t, x)
)
qbx(t, x) = y0(x)e−
∫ t
0 λ(s)ds, (t, x) ∈ [0, T ) ×R. (3.2)
Proof. Differentiation of the system (3.1) with respect to x yields⎧⎨
⎩
d
dt
qx(t, x) = ux
(
t,q(t, x)
)
qx(t, x), t ∈ [0, T ),
qx(0, x) = 1, x ∈R.
Combining Lemma 3.1 with the system (3.1) and Eq. (1.4), we infer
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dt
y
(
t,q(t, x)
)
qbx(t, x) =
(
yt(t,q) + yx(t,q)qt
)
qbx + y
(
t,q(t, x)
)
bqb−1x
d
dt
qx
=
(
yt(t,q) +
(
u(t,q) − β
α2
)
yx(t,q) + by(t,q)ux(t,q)
)
qbx
= −λ(t)y(t,q(t, x))qbx(t, x).
This ﬁnishes the proof of (3.2) which completes the proof of the lemma. 
Now, we provide two blow-up results.
Theorem 3.1. Let c0 = β = 0, b  3. Given u0 ∈ Hs(R), s > 32 and δ > 0. Assume that λ′(t)  δ, u0(x) ≡ 0 is odd and u′0(0) <
− λ(0)+
√
λ2(0)+4δ
2 such that{
y0(x) = u0(x) − α2u0,xx(x) 0 for x 0,
y0(x) = u0(x) − α2u0,xx(x) 0 for x 0,
then the solution to Eq. (2.1) blows up in ﬁnite time.
Proof. Let T be the lifespan of the solution corresponding to u0 ∈ H3(R). For c0 = β = 0, Eq. (2.1) has the symmetry
(u, x) → (−u,−x). Since u0(x) is odd, the uniqueness of solutions implies that u(t, x) is odd too, and so is y = u − α2uxx .
Differentiating Eq. (2.1) with respect to x, in view of the properties α2∂2x P ∗ f = P ∗ f − f , we get
utx = −uuxx + b
2α2
u2 + 1− b
2
u2x −
1
α2
P ∗
(
b
2
u2 + (3− b)α
2
2
u2x
)
− λ(t)ux. (3.3)
Moreover, we have
utx(t,0) = 1− b
2
u2x(t,0) −
1
α2
P ∗
(
b
2
u2 + (3− b)α
2
2
u2x
)
(t,0) − λ(t)ux(t,0). (3.4)
Combining the assumption of the theorem with Lemma 3.1 and (3.2) in Lemma 3.2, we have{
y(t, x) 0 if x q(t,0) = 0,
y(t, x) 0 if x q(t,0) = 0, (3.5)
and y(t,q(t,0)) = 0, t ∈ [0, T ). Note that
u(t, x) = P ∗ y = 1
2α
e−
x
α
x∫
−∞
e
ξ
α y(t, ξ)dξ + 1
2α
e
x
α
∞∫
x
e−
ξ
α y(t, ξ)dξ. (3.6)
By differentiating (3.6) with respect to x, we get
αux(t, x) = − 1
2α
e−
x
α
x∫
−∞
e
ξ
α y(t, ξ)dξ + 1
2α
e
x
α
∞∫
x
e−
ξ
α y(t, ξ)dξ. (3.7)
Combining (3.6) with (3.7), we deduce that
u2(t, x) − α2u2x(t, x) =
1
α2
x∫
−∞
e
ξ
α y(t, ξ)dξ
∞∫
x
e−
ξ
α y(t, ξ)dξ. (3.8)
By the deﬁnition of P , we have
P ∗ (u2 − α2u2x)(t,0) = 12α
∞∫
−∞
e−|
η
α |(u2(t, η) − α2u2η(t, η))dη
= 1
2α
0∫
e
η
α
(
u2(t, η) − α2u2η(t, η)
)
dη + 1
2α
∞∫
e−
η
α
(
u2(t, η) − α2u2η(t, η)
)
dη. (3.9)−∞ 0
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∞∫
0
e−
η
α
(
u2(t, η) − α2u2η(t, η)
)
dη = 1
α2
∞∫
0
e−
η
α
( ∞∫
η
e−
ξ
α y(t, ξ)dξ
)( η∫
−∞
e
ξ
α y(t, ξ)dξ
)
dη
= 1
α2
∞∫
0
e−
η
α
( ∞∫
η
e−
ξ
α y(t, ξ)dξ
)( 0∫
−∞
e
ξ
α y(t, ξ)dξ
)
dη
+ 1
α2
∞∫
0
e−
η
α
( ∞∫
η
e−
ξ
α y(t, ξ)dξ
)( η∫
0
e
ξ
α y(t, ξ)dξ
)
dη
= 1
α2
∞∫
0
e−
η
α
( ∞∫
η
e−
ξ
α y(t, ξ)dξ
)( 0∫
−∞
e
ξ
α y(t, ξ)dξ
)
dη
 1
α2
∞∫
0
e−
η
α
( ∞∫
0
e−
ξ
α y(t, ξ)dξ
)( 0∫
−∞
e
ξ
α y(t, ξ)dξ
)
dη
= α(u2(t,0) − α2u2x(t,0)). (3.10)
Similarly we can also verify that
0∫
−∞
e
η
α
(
u2(t, η) − α2u2η(t, η)
)
dη α
(
u2(t,0) − α2u2x(t,0)
)
. (3.11)
From (3.9)–(3.11) and u(t,0) = 0, we have
P ∗ (u2 − α2u2x)(t,0)−α2u2x(t,0). (3.12)
Hence, we can deduce from (3.4) and (3.12) that
utx(t,0) = 1− b
2
u2x(t,0) −
1
α2
P ∗
(
b
2
u2 + (3− b)α
2
2
u2x
)
(t,0) − λ(t)ux(t,0)
= 1− b
2
u2x(t,0) −
b − 3
2α2
P ∗ (u2 − α2u2x)(t,0) − 32α2
(
P ∗ u2)(t,0) − λ(t)ux(t,0)
−u2x(t,0) − λ(t)ux(t,0).
Setting m(t) = ux(t,0), we have⎧⎪⎪⎨
⎪⎪⎩
d
dt
m(t) + λ(t)m(t)−m2(t),
m(0) = u′0(0) < −
λ(0) +√λ2(0) + 4δ
2
.
(3.13)
Thus we can get from (3.13) that
m(t)m(0)e
∫ t
0 λ(s)ds, t  0,
from which we can get m(t) < 0 for t  0. Therefore, we obtain from (3.13) that
m′(t)
m2(t)
+ λ(t)
m(t)
−1,
from which we get
d
dt
(
1
m(t)
e−Λ(t)
)
 e−Λ(t), (3.14)
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1
m(T ′)
e−Λ(T ′)  1
m(0)
+
T ′∫
0
e−
1
2 δs
2−λ(0)s ds.
If T = ∞, i.e., the solution exists globally in time. Letting T ′ → ∞, we obtain
0 lim
T ′→∞
1
m(T ′)
e−Λ(T ′)  1
m(0)
+
√
2π
√
δ(1+
√
1− e− λ2(0)2δ )
> 0,
in view of the fact
1
m(0)
− 2
λ(0) +√λ2(0) + 4δ > −
√
2π
√
δ(1+
√
1− e− λ2(0)2δ )
.
Thus, we obtain a contradiction. This completes the proof of the theorem. 
Theorem 3.2. Given u0 ∈ Hs(R), s > 32 , δ > 0. Assume that c0 = β = 0, 1 < b  3 and λ′(t)  δ. If u0(x) ≡ 0 is odd and u′0(0) <
− λ(0)+
√
λ2(0)+2(b−1)δ
b−1 , then the corresponding solution to Eq. (2.1) blows up in ﬁnite time.
Proof. Let u be the solution corresponding to the initial proﬁle u0 ∈ H3(R), and T be its lifespan. Similar to Theorem 3.1,
we know u(t, x) and y = u(t, x) − α2uxx(t, x) are odd, and the following equality still holds true
utx(t,0) = 1− b
2
u2x(t,0) −
1
α2
P ∗
(
b
2
u2 + (3− b)α
2
2
u2x
)
(t,0) − λ(t)ux(t,0).
Hence
utx(t,0)−b − 1
2
u2x(t,0) − λ(t)ux(t,0).
We can obtain the conclusion of theorem by a similar argument as in Theorem 3.1. We omit the details for concision. 
Remark 3.1. When λ(t) ≡ λ(0), results in Theorems 3.1, 3.2 still hold and correspond exactly to the blow-up results of
weakly dissipative b-equation. Theorems 3.1–3.2 show that there exist smooth solutions to the b-equation with weak dissi-
pation for any b > 1 that blow up in ﬁnite time. However, we cannot present the blow-up results of solutions to the weakly
dissipative b-equation for b  1 (b = 12 ).
4. Global solution and its decay
In this section we investigate the global existence results and the decay of the global solutions to Eq. (1.3). We ﬁrst give
an important lemma, and then provide main results concerning global solution and its decay.
Lemma 4.1. Let u0 ∈ Hs(R), s > 32 . If y0 = u0 − α2u0,xx ∈ L1(R), then as long as solution u(t, ·) with initial data u0 given by
Theorem 2.1 exists, we have∫
R
y dx =
∫
R
u dx = e−
∫ t
0 λ(s)ds
∫
R
u0 dx = e−
∫ t
0 λ(s)ds
∫
R
y0 dx. (4.1)
Proof. Let T be the lifespan of the solution u to Eq. (1.3) with initial data u0 ∈ H3(R). Since y0 = u0 − α2u0,xx ∈ L1(R) and
u0 = P ∗ y0, we have
‖u0‖L1(R)  ‖P‖L∞(R)‖y0‖L1(R).
Integrating Eq. (2.1) over R, we obtain
d
dt
∫
R
u dx = −
∫
R
{(
u − β
α2
)
ux − ∂x P ∗
(
b
2
u2 + (3− b)α
2
2
u2x +
(
c0 + β
α2
)
u
)}
dx−
∫
R
λ(t)u dx
= −λ(t)
∫
u dx.R
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R
y dx =
∫
R
(
u − α2uxx
)
dx =
∫
R
u dx = e−
∫ t
0 λ(s)ds
∫
R
u0 dx = e−
∫ t
0 λ(s)ds
∫
R
y0 dx.
This completes the proof. 
Theorem 4.1. Given u0 ∈ Hs(R), s > 32 . Assume that c0+ βα2 = 0. If y0 = u0−α2u0,xx ∈ L1(R) is nonpositive, then the corresponding
solution to Eq. (2.1) exists globally in time and for all (t, x) ∈R+ ×R, we have:
(i) y(t, x) 0, u(t, x) 0 and∥∥y(t, ·)∥∥L1(R) = ∥∥u(t, ·)∥∥L1(R) = e− ∫ t0 λ(s)ds‖u0‖L1(R) = e− ∫ t0 λ(s)ds‖y0‖L1(R).
(ii) ‖ux(t, ·)‖L∞(R)  1α2 e−
∫ t
0 λ(s)ds‖u0‖L1(R) and
∥∥u(t, ·)∥∥L∞(R)  ∥∥u(t, ·)∥∥1 max{α,α−1}exp
{ t∫
0
( |2− b|
α2
‖u0‖L1(R) − 2λ(τ )
)
dτ
}
‖u0‖21.
Furthermore, if
lim
t→∞
1
t
t∫
0
λ(s)ds > M, (4.2)
where
M max
{ |2− b|
2α2
‖u0‖L1(R),
K
2α2
‖u0‖L1(R)
}
, K max
{
|2b + 1|,
∣∣∣∣1− 2b + bα2
∣∣∣∣
}
,
then the global solution decays to 0 in H1-norm and H3-norm as t goes to ∞.
Proof. Let T be the lifespan of the solution u with initial data u0 ∈ H3(R). Since y0(x) 0, then the identity (3.2) ensures
that y(t, x) 0 for all t ∈ [0, T ). Note that u = P ∗ y and the positivity of P , we infer that u(t, x) 0 for all t ∈ [0, T ). By
Lemma 4.1, we have
−α2ux(t, x) +
x∫
−∞
u(t, x)dx =
x∫
−∞
(
u − α2uxx
)
dx =
x∫
−∞
y dx
∫
R
y dx = e−
∫ t
0 λ(s)ds
∫
R
u0 dx. (4.3)
Therefore, we have
ux(t, x)− 1
α2
e−
∫ t
0 λ(s)ds
∫
R
u0 dx = 1
α2
e−
∫ t
0 λ(s)ds‖u0‖L1(R). (4.4)
On the other hand
α2ux(t, x) −
x∫
−∞
u dx =
x∫
−∞
(
α2uxx − u
)
dx =
x∫
−∞
−y dx 0, (4.5)
hence we have
ux(t, x)
1
α2
x∫
−∞
u dx 1
α2
∫
R
u dx = − 1
α2
e−
∫ t
0 λ(s)ds‖u0‖L1(R). (4.6)
From (4.4) and (4.6), we obtain
∣∣ux(t, x)∣∣ ∥∥ux(t, ·)∥∥L∞(R)  1α2 e−
∫ t
0 λ(s)ds‖u0‖L1(R). (4.7)
Combining (4.7) with Theorem 3.1, we assert that T = ∞. Assertion (i) holds true obviously from Lemma 4.1.
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1
2
d
dt
∫
R
(
u2 + α2u2x
)
dx = −λ(t)
∫
R
(
u2 + α2u2x
)
dx+
(
1− b
2
)
α2
∫
R
u3x dx

(∣∣∣∣1− b2
∣∣∣∣∥∥ux(t, ·)∥∥L∞(R) − λ(t)
)∫
R
(
u2 + α2u2x
)
dx. (4.8)
From (4.7)–(4.8), we deduce
∫
R
(
u2 + α2u2x
)
dx exp
{ t∫
0
( |2− b|
α2
e−
∫ τ
0 λ(s)ds‖u0‖L1(R) − 2λ(τ )
)
dτ
}∫
R
(
u20 + α2u20,x
)
dx. (4.9)
Consequently,
∥∥u(t, ·)∥∥21 max{α,α−1}exp
{ t∫
0
( |2− b|
α2
e−
∫ τ
0 λ(s)ds‖u0‖L1(R) − 2λ(τ )
)
dτ
}
‖u0‖21
max
{
α,α−1
}
exp
{ t∫
0
( |2− b|
α2
‖u0‖L1(R) − 2λ(τ )
)
dτ
}
‖u0‖21. (4.10)
In view of (4.2), we conclude that the solution decays to 0 in H1-norm.
From the Agmon’s inequality, we have
‖u‖L∞(R)  ‖u‖
1
2
L2(R)
‖∂xu‖
1
2
L2(R)
 1√
2
√
‖u‖2
L2(R)
+ ‖ux‖2L2(R) =
1√
2
‖u‖1. (4.11)
Combining (4.10) with (4.11), we get assertion (ii).
Differentiating (1.4) with respect to x and multiplying by yx , we deduce
d
dt
∫
R
y2x dx = −(2b + 1)
∫
R
ux y
2
x dx− 2λ(t)
∫
R
y2x dx+
b
α2
∫
R
ux y
2 dx. (4.12)
Combining (4.12) with (2.4), we have
d
dt
∫
R
(
y2 + y2x
)
dx = −(2b + 1)
∫
R
ux y
2
x dx+
(
1− 2b + b
α2
)∫
R
ux y
2 dx− 2λ(t)
∫
R
(
y2 + y2x
)
dx. (4.13)
Let K = max{|2b + 1|, |1− 2b + b
α2
|}. We deduce from (4.7) and (4.13)
∥∥y(t)∥∥21  e
∫ t
0 (
K
α2
‖u0‖L1(R)−2λ(τ ))dτ ‖y0‖21. (4.14)
Again, we can get the last conclusion of theorem in view of assumption (4.2). The proof is completed. 
In a similar way to the proof of Theorem 4.1, we can get the following global existence result.
Theorem 4.2. Given u0 ∈ Hs(R), s > 32 . Assume that c0 + βα2 = 0. If y0 = u0 −α2u0,xx ∈ L1(R) is nonnegative, then the correspond-
ing solution to Eq. (2.1) exists globally in time and for all (t, x) ∈R+ ×R, we have:
(i) y(t, x) 0, u(t, x) 0 and∥∥y(t, ·)∥∥L1(R) = ∥∥u(t, ·)∥∥L1(R) = e− ∫ t0 λ(s)ds‖u0‖L1(R) = e− ∫ t0 λ(s)ds‖y0‖L1(R).
(ii) ‖ux(t, ·)‖L∞(R)  1α2 e−
∫ t
0 λ(s)ds‖u0‖L1(R) and
∥∥u(t, ·)∥∥L∞(R)  ∥∥u(t, ·)∥∥1 max{α,α−1}exp
{ t∫
0
( |2− b|
α2
‖u0‖L1(R) − 2λ(τ )
)
dτ
}
‖u0‖21.
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lim
t→∞
1
t
t∫
0
λ(s)ds > M,
where
M max
{ |2− b|
2α2
‖u0‖L1(R),
K
2α2
‖u0‖L1(R)
}
, K max
{
|2b + 1|,
∣∣∣∣1− 2b + bα2
∣∣∣∣
}
,
then the global solution decays to 0 in H1-norm and H3-norm as t goes to ∞.
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